Abstract. We obtain a decomposition for the Hochschild cochain complex of a split algebra and we study some properties of the cohomology of each term of this decomposition. Then, we consider the case of trivial extensions, specially of Frobenius algebras. In particular, we determine completely the cohomology of the trivial extension of a finite dimensional Hopf algebra with involutive antipode
Introduction
Let k be a field, A a k-algebra and M an A-bimodule. The split algebra E = A⋉ M , of A with M , is the direct sum A⊕ M with the associative algebra structure given by (a + m)(a ′ + m ′ ) = aa
The (co)homology of split algebras, and of several particular types of split algebras, such as the triangular matrix algebras and the trivial extensions, has been considered in several papers. See for instance [C] , [C-M-R-S] , [G-G] , [G-M-S] , [H1] , [M-P] and [Mi-P] . This study is motivated in part by the relations between the degree one Hochschild cohomology and the representation theory of a finite dimensional algebra [H2] , [M-P] , [S] , the relations between the second and third Hochschild cohomology groups and the theory of deformations of algebras [G] , [G-S] , and the following question of Happel [H1] : if an algebra has only a finite number of no nulls Hochschild cohomology groups, is the algebra of finite homological dimension? Moreover, the Hochschild cohomology groups are interesting invariants of an algebra in its self. In this work we continue the study of the Hochschild cohomology of split algebras, showing that the canonical Hochschild complex of this type of algebras has a canonical decomposition, and using this fact to obtain information about the cohomology of some of these algebras.
Let E = A⋉M a split algebra. This paper is organized as follows: in Section 1 we get the promised decomposition, (Hom k (E ⊗ * , E), b * ) = ∞ p=0 X * (p) , of the canonical Hochschild cochain complex of E with coefficients in E. Since X n (p) = 0 for all n < p − 1 and X n (0) is the Hochschild cochain complex of A with coefficients in M , this implies that and the Ext groups Ext * A e (M ⊗Ap , M ). In Section 2 we consider the cohomology of the trivial extension T A of an algebra A, which is the split algebra obtained taking M = DA, where DA is the dual vector space of A, endowed with the usual A-bimodule structure. For these algebras we compute H n (X * (1) ), for all n ≥ 0, and H p−1 (X * (p) ), for each p ≥ 2. As a consequence we obtain new proofs of two results given in [C-M-R-S] , and we improve another result established in the same paper.
Finally, in Section 3 we consider trivial extensions of Frobenius algebras. In this case we get more complete results. In particular, when A is a finite dimensional Hopf algebra with involutive antipode, we determine completely the cohomology of T A.
A decomposition of the cohomology of an split algebra
Let k be a field, A a k-algebra and M an A-bimodule. Let E = A ⋉ M the split algebra of A with M As it is well known, the Hochschild cohomology HH * (E) = H(E, E) is the homology of the cochain complex
where E ⊗n is the n-fold tensor product of E, b 1 (x)(y) = yx − xy and for n > 1,
For 0 ≤ p ≤ n, let B n p ⊆ E ⊗n be the vector subspace spanned by n-tensors x 1 ⊗ · · · ⊗ x n such that exactly p of the x i 's belong to M , while the other x i 's belong to A (note that B 0 0 = k). To unify expressions we make the convention that B n p = 0, for p < 0 or n < p. For each p ≥ 0 we let X * (p) denote the subcomplex of (Hom k (E ⊗ * , E), b * ) defined by:
. Hence, we have proved the following result: Theorem 1.1. It is holds that
We also have the following result:
where, as usual, M ⊗A0 = A.
To prove this theorem, we need to study the cochain complexes X * (p) , for p ≥ 1. Let π A : E → A and π M : E → M be the maps π A (a + m) = a and π M (a + m) = m, respectively. Note that X * (p) is the total complex of the double complex
(1) ) of the 0-column of X * , *
(1) is the Hochschild cohomology HH * (A). Moreover, we have the following result:
Proof. We prove the second assertion. The first one follows similarly. In the proof of Theorem 2.5 of [C-M-R-S] was showed that, under our hypothesis, the complex
where
is a projective resolution of M ⊗Ap as an A-bimodule. The assertion follows from this fact, using that X
Proof of Theorem 1.2. It follows from the long exact sequence of homology of the short exact sequence
using Theorem 1.3.
Trivial extensions
Given an A-bimodule M , we let DM denote Hom k (M, k) endowed with the usual A-bimodule structure.
Definition 2.1. Let A be a k-algebra. The trivial extension T A of A is the split algebra A ⋉ DA.
Theorem 2.2. For each trivial extension T A, it is hold that
) be the map defined by
is the mapping cone of δ 1, * 1 , to made out this task it suffices to check that δ 1, * 1 is null homotopic. Let σ * : Hom k (B * 0 , A) → Hom k (B * 1 , DA) be the family of maps defined by
where, to abbreviate, we write x h,l = x h ⊗ · · · ⊗ x l , for h < l. We assert that σ * is an homotopy from δ 1, * 1 to 0. We have,
and if x n+1 ∈ DA, then
On the other hand, if x 1 ∈ DA, then
The assertion follows immediately from these equalities.
As usual, for each A-bimodule M we write M ⊗ A e = M/[A, M ], where [A, M
] is the vector subspace of M generated by {am − ma : a ∈ A, m ∈ M }. The map θ : Hom A e ((DA)
is injective. For each p ≥ 2 , we let Cyc 
Lemma 2.3. For each p ≥ 2, it holds that
. Let g be in the the image of θ. We have
, as desired. To finish the proof it is sufficient to note that if dim A < ∞, then Hom k ((DA) ⊗Ap ⊗ A e , k) ≃ Hom A e ((DA)
⊗A p−1 , DDA) ≃ Hom A e ((DA) ⊗Ap−1 , A), which implies that θ is an isomorphism.
The following result improves Theorem 5.7 of [C-M-R-S].
Corollary 2.4. For all algebra A and each n ≥ 1, we have
Proof. It follows from Theorem 1.1, Theorem 2.2, Lemma 2.3 and the fact that
Corollary 2.5. Let A be a finite dimensional k-algebra. For each n ≥ 1, we have
Proof. It follows from Corollary 2.4 and Lemma 2.3.
Lemma 2.6. Let (DDA) A = {ϕ ∈ DDA : aϕ = ϕa for all a ∈ A}. It is hold that Ext 0 A e (DA, DA) = (DDA)
A .
Proof. We have
The following two results were obtained in [C-M-R-S] . They use the notation Alt A (DA) instead of Cyc 2 A (DA). Theorem 2.7. For each trivial extension T A, it is hold that:
A (DA). Proof. 1) By Theorems 1.1 and 2.2, and the fact that H n (A, DA) = HH n (A) * , we have
2) It follows immediately from Corollary 2.4 and Lemma 2.6.
Corollary 2.8. Let T A be a trivial extension of a finite dimensional k-algebra. Then,
Proof. It follows immediately from Theorem 2.7, Lemma 2.3 and the fact that DAA ≃ A.
Trivial extensions of Frobenius algebras
We recall that a finite dimensional k-algebra is Frobenius if there exists a linear form ϕ : A → k such that the map A → DA, defined by x → xϕ is a left A-module isomorphism. This linear form ϕ : A → k is called a Frobenius homomorphism. It is well known that this is equivalent to say that the map x → ϕx, from A to DA, is an isomorphism of right A-modules. From this follows easily that there exists an automorphism ρ of A, called the Nakayama automorphism of A with respect to ϕ, such that xϕ = ϕρ(x), for all x ∈ A.
For each p ≥ 0, let A ρ p = A endowed with the A-bimodule structure given by axb := ρ p (a)xb. We have an A-bimodule isomorphism Θ : 
Proof. Let Θ p−1 * and Ψ p * be as in Theorem 1.3 and let
be the maps induced by Θ p−1 n and Ψ p n respectively, for all n ≥ p − 1. Using that 
Proof. It follows immediately from Corollary 2.5 and Theorem 3.2. 
Proof. Since ρ m = id and m is even, we have Y * , *
) for all p ≥ 1 First we assume that s > 1. By Theorem 1.1, Theorem 3.2 and the above equality, we have 
2) If the characteristic of k is 2, then
Proof. Since ρ = id, the horizontal boundary maps of Y * To end the proof it suffices to note that under our hypothesis HH n (A) * = H n (A, DA) = HH n (A) and Ext i A e (DA, DA) = HH i (A), since the map a → ϕa is an A-bimodule isomorphism form A to DA.
